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In this dissertation, we investigate the thermal transport properties of
magnons in several antiferromagnetic systems, focusing on their topological
nature and their interplay with electrons and phonons. In the second chapter,
we study magnon spin thermal transport using a strong coupling approach
in pyrochlore iridate trilayer thin films grown along the [111] direction. As a
result of the Dzyaloshinskii–Moriya interaction (DMI), the spin configuration
of the ground state is an all-in/all-out (AIAO) ordering on neighboring tetra-
hedra of the pyrochlore lattice. In such a state, the system has an inversion
symmetry and a Nernst-type thermal spin current response is well defined. We
calculate the temperature dependence of the magnon Nernst response concern-
ing the magnon band topology controlled by spin-orbit coupling parameters
and observe topologically protected chiral edge modes. Our study suggests
that the [111] grown thin-film pyrochlore iridates are a promising candidate
for thermal spin transport and spin caloritronic devices. In the third chapter,
vii
we present a general theory of the longitudinal spin Seebeck effects in the case
that the anti-symmetric DMI is considered at the interface. By using an AIAO
spin-ordered pyrochlore iridate as the magnetic insulator with a large DMI, we
conduct a systematic study of the dependence of the thermally-driven interfa-
cial spin current on the temperature gradient, the interfacial DMI interaction
and the crystalline orientation along the interface. Our results show that the
spin current injected in the metal is surprisingly sensitive to the orientation
of the interface and the direction of the Dzyaloshinskii–Moriya (DM) vectors,
offering a route for both probing magnetic properties via a spin-transport mea-
surement and engineering efficient heterostructures. In the fourth chapter, we
theoretically study magnon-phonon hybridization in a two-dimensional anti-
ferromagnet on a honeycomb lattice. With an in-plane DMI from mirror sym-
metry breaking, we find non-trivial Berry curvature around the anti-crossing
regions among magnon and both optical and acoustic phonon bands, which
gives rise to well-defined Chern numbers. We also show that the Chern num-
bers of this hybridized system are highly tunable by an external magnetic
field. For experiments, we evaluate the thermal Hall conductivity reflecting
the non-trivial Berry curvatures of the excitations and propose the possibility
of observing valley Hall effects resulted from spin-induced chiral phonons. Our
study complements prior work in magnon-phonon hybridized systems without
optical phonons and suggests possible applications in spin caloritronics with





List of Tables xi
List of Figures xii
Chapter 1. Introduction 1
1.1 Spin Caloritronics . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Topological Transport . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Chapter 2. Magnon Nernst Effects in Pyrochlore Iridates Thin
Films 8
2.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.1 Spin Hamiltonian . . . . . . . . . . . . . . . . . . . . . 10
2.1.2 Spin-Wave Analysis . . . . . . . . . . . . . . . . . . . . 13
2.1.3 Edge States . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Magnon Nernst Effect . . . . . . . . . . . . . . . . . . . . . . . 16
2.3 Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . 27
Chapter 3. Spin Seebeck Effects with Interfacial Dzyaloshinskii-
Moriya Interactions 29
3.1 Model and Approach . . . . . . . . . . . . . . . . . . . . . . . 31
3.1.1 Lattice Model . . . . . . . . . . . . . . . . . . . . . . . 31
3.1.1.1 Nonmagnetic Metal . . . . . . . . . . . . . . . . 32
3.1.1.2 Magnetic Insulator . . . . . . . . . . . . . . . . 33
3.1.1.3 Interfacial Coupling . . . . . . . . . . . . . . . . 35
ix
3.1.2 Spin Currents . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.2.1 Temperature Dependence . . . . . . . . . . . . . . . . . 44
3.2.2 Coupling Strength . . . . . . . . . . . . . . . . . . . . . 46
3.3 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . 50
Chapter 4. Topological Magnon-Polaron in Two-dimensional An-
tiferromagnets 53
4.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.1.1 Elastic Hamiltonian . . . . . . . . . . . . . . . . . . . . 57
4.1.2 Spin Hamiltonian . . . . . . . . . . . . . . . . . . . . . 60
4.1.3 Magnon-Phonon Coupling . . . . . . . . . . . . . . . . . 61
4.2 Band Topology . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.3 Thermal and Valley Hall Effects . . . . . . . . . . . . . . . . . 70
4.4 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
Chapter 5. Summary and Outlook 75
Appendices 78
Appendix A. Numerical Method of Bosonic Berry Curvature 79
Appendix B. Derivation on Interfacial Magnon-Electron Cou-
plings 82





2.1 Chern numbers in the phases between touchings. We calculate
the Chern numbers with the Fukui lattice discretization method
[179] for momentum space grids of 1001× 1001 sites. . . . . . 16
xi
List of Figures
2.1 The triangular-kagome-triangular (TKT) lattice structure with
an AIAO spin ordering for an [111] oriented growth. Red spheres
and blue arrows are Ir atoms and the effective spins-1/2 degrees
of freedom, respectively. The number of atoms in the unit cell is
five (3 from the central kagome plane, and 1 each from an “up”
and “down” pointing tetrahedron), in contrast to the bulk case
which has 4 atoms in the unit cell: Labeled sites 4 (5) consist of
a triangular plane above (below) the kagome plane. The lattice







, 0) with a lattice
constant a. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 The hexgonal Brillouin zone of the TKT thin film. High sym-











). The red line is the path along high
symmetry points. . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3 Spin-wave spectra for different θ values. Energies are given in
units of JS. The Chern numbers from bottom are (a)(+1, +2,
−3, +1, −1), (b)(+1, −1, −1, +2, −1) and (c)(−1, +1, +3,
−1, −2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.4 Magnon band touching points, at which there occur topological
phase transitions. Red circles identify the touching points. . . 18
2.5 Magnon spectra of a 40 atom wide TKT thin film strip. The
strip is oriented along the x-direction with finite width in the
y-direction. It is periodic along x (a1)-direction, following the
convention in Fig. 2.1. Blue and orange dispersions are the
topologically protected magnon edge states spatially separated
by the bulk (i.e., they are localized on different edges). Orange
states are localized on the right, and blue states are localized
on the left of the strip. Note the change in edge state direction
in (c) relative to (a), (b). . . . . . . . . . . . . . . . . . . . . . 19
2.6 Spin components of the edge modes using a strip of 40 atoms
width and θ = 1.07. Solid (dashed) lines are for left (right)
movers as shown in Fig.2.5. Only the y and z-components are
non-zero. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
xii
2.7 The temperature dependence of (a) α1 (α
y
xy) and (b) α2 (α
z
xy).
The inset in (b) is a zoom-in to show the sign change of α2 for
θ > 1.26. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.8 The coupling dependence of (a) α1 (α
y
xy) and (b) α2 (α
z
xy) plot-
ted along the red dashed line in Fig. 2.7(a) and (b) respectively. 22
2.9 Density plots of spin Berry curvatures in log scale L(Ωs) =
sign(Ωs) log(1+ |Ωs|) for lowest two bands (Band 1 is the lowest
band). (a-c) are y-polarized spin Berry curvatures for different
θ values before and after gap closing. (Continue on next page.) 24
2.10 Spin Berry curvature in different ranges around K, K′ and M
points. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.1 Longitudinal Spin Seebeck setup. A thermal gradient ∇T is ap-
plied perpendicular to the interface of the heterostructure. The
upper red portion is the non-magnetic metal with temperature
TM near the interface, modeled as a degenerate Fermi gas. The
lower blue part is the magnetic insulator with temperature TI ,
which can be regarded as multiple two dimensional layers with
layer index, l. The grey part represents the interface, where the
electron spin density, ρz=0, and α-th interfacial magnetic mo-
ments, S0α, are coupled with an isotropic Heisenberg exchange
J and DM interaction D. . . . . . . . . . . . . . . . . . . . . . 34
3.2 (a) Bulk unit cell in the cubic coordinate system with the AIAO
spin configuration. (b) Corner-sharing pyrochlore lattice. . . . 41
3.3 Blue dots are magnetic sites in the insulator and red dots are
spin densities localized at metallic lattices. The brown sheet
is the interface and the blue arrows indicate the magnetic mo-
ments. The red arrows on the red-blue bonds are the indirect
DM vectors Dij between electron spin density ρ(ri) and mo-
ment Sβ(rj). Constrained by the symmetry, the DM vector on
each bond is parallel to the opposite bond. . . . . . . . . . . . 42
3.4 Bulk magnon spectrum along high symmetry directions for dif-
ferent crystalline orientations. . . . . . . . . . . . . . . . . . . 43
3.5 Red, blue and green lines represent x, y and z polarization
respectively. Solid (dashed) lines represent spin current density
when the crystal is oriented in the [111] ([100]) direction. In
these two orientation, only the z-polarized spin current density
is non-zero (the minus sign means the polarization is along -z)
and increases as the temperature difference increases, while ix
and iy is zero because of the symmetry. Here kBTM = J, kBTI =
J−kB∆T . |Dij|/J = |Dij|/Jij = 0.3. S is the magnitude of the
local spin and the effective S=1/2 in the PI. . . . . . . . . . . 44
xiii
3.6 Spin current density increases as the temperature of the heat
bath TM increases. Here kB∆T = kBTM−kBTI = J/8. |Dij|/J =
|Dij|/Jij = 0.3. . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.7 The magnitude of z-polarized spin current density/πD2S as a
function of the coupling strength. (a) Crystal oriented in [111]
and (b) Crystal oriented in [100]. (c)(d) Corresponding density
plots for [111] and [100] orientation. Here kBTM = 5J/8 and
kBTI = J/2, Jij = J, |DMJ | is the coupling ratio in the bulk and
|DM
J
| is the coupling ratio at the interface. S is the magnitude
of the local spin and the effective S=1/2 in PI. . . . . . . . . . 47
3.8 Spin current density induced by ferromagnetic moments on PI
lattice. In these two orientations, the configurations of interfa-
cial DM vectors are the same with the DM vectors in the AIAO
state and we allow the interfacial exchange coupling to be either
ferromagnetic (J < 0) or antiferromagnetic (J > 0). . . . . . . 52
4.1 (a) The schematic illustration of the hybrid magnon-phonon
system. The ground state of the magnetization is Néel order
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Heat is one of the most basic concepts in physics, and the transfer
of heat has been studied in condensed matter for centuries. In 1822, based
on experiments, Fourier [15] wrote down the famous differential equation of
thermal conduction, also known as Fourier’s law,
jQ = −κ∇T, (1.1)
providing a definition of thermal conductivity (tensor) κ, where jQ is the heat
flux (in units of W/m2) and∇T is the temperature gradient (K/m). From then
on, large efforts have been made on developing a theoretical model for thermal
conductivity, such as kinetic theory for dilute gases [35] and the Wiedemann-
Franz Law [54] for metals. Among them, Debye model [37] is one of the most
remarkable theoretical predictions on thermal conductivity for non-metallic
solids, where the heat is transferred via lattice vibrations, or phonons in the
quasi-particle language of condensed matter physics. With the development
of quantum mechanics, the concepts of quasi-particles generalize the study
of thermal conductivity to other bosonic excitations, e.g., magnons [21]. As
collective modes of spin waves, magnons attract particular attention in the
community [103, 12], since they do not only carry energies but also possess spin
1
angular momenta which can be utilized for information processing [83, 109, 33].
Moreover, similar to fermionic excitations, magnons can also develop a non-
trivial bosonic geometric phase, from which interesting topological phases of
matter can emerge. This further enriches the phenomena of magnon thermal
transport. Motivated by these, we will present three theoretical works related
to thermal transport and topological aspects of magnons in this dissertation.
In Chapter 2, we will study transverse magnon spin current thermal response
arising from bosonic Berry curvature, i.e, magnon Nernst effects, in an all-
in/all-out (AIAO) pyrochlore iridates. In Chapter 3, with an asymmetric
exchange coupling at the interface of magnetic insulator|non-magnetic metal
heterostructure, we will present a general theory on the interfacial thermal
spin transfer between magnons in the insulators and metallic electrons, which
is also known as the longitudinal spin Seebeck effect, and provide a numerical
study with an AIAO pyrochlore iridate as the insulator. The last work will be
presented in Chapter 4, where we investigate the topological magnon-phonon
hybridization with the asymmetric Dzyaloshinskii–Moriya interaction in a two-
dimensional antiferromagnet. Before going into the details of our work, let us




Spin caloritronics1 [183, 16, 200] is an emerging field of spintronics,
which is involved with non-equilibrium phenomena related to spin, charge, en-
tropy, energy transport and their interplay in magnetic materials. The study of
spin caloritronics can be tracked to 1987, when Johnson and Silsbee [78] first
theoretically proposed a spin transport analog to Seebeck effects originated
from an interfacial thermoelectric effect. As the spin current in their discus-
sions is carried by spin-polarized conduction electrons, their work nowadays
is classified as a “spin-dependent” Seebeck effect, where the spin current Js is
defined as the difference between the contribution of spin-up and spin-down
channels,
Js = J↑ − J↓. (1.2)
At a ferromagnet|non-magnetic metal interface, because the two polarized
spin-transport channels have different thermoelectric properties, the individ-
ual Seebeck coefficients for the two spin channels are not equal. A spin current
can be injected from ferromagnet to non-magnetic metal by a thermal gradient
across the junction, reflecting the conservation of spin currents at the contact.
The spin current of this kind has been observed in lateral spin-valve structures
[171] and the length scale is in the same order as the spin-flip diffusion length
of conduction electrons which is around 100–1500 nm [76, 75, 178].
1From ‘calor’, the Latin word for heat.
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However, in 2008, Uchida et al [182] demonstrated a thermally-driven
spin current is injected from a ferromagnetic film into the attached non-
magnetic metal by observing a thermal voltage from an inverse spin Hall charge
current [170] Jc as
Jc = eθH σ̂ × Js, (1.3)
where e is the elementary charge, θH is the Hall angle, Js and σ̂ is the spin cur-
rent and its polarization. They further found the signal is over a macroscopic
scale of several millimeters, which is surprisingly longer than the spin-flip
diffusion length of conduction electrons. It suggests that it is not the conduc-
tion electrons but the collective mode of spin waves leading to the thermal
spin current. Because of its difference with ‘spin-dependent’ Seebeck effect,
this phenomenon is termed as spin Seebeck effect or magnonic Seebeck effect.
This collective effect has aroused many intriguing proposals and realizations to
utilize magnons in spin caloritronics [74, 34] as magnons have low dissipation
[134] and can provide a pure spin current in insulating systems. In addition,
the topological properties of magnon can lead to interesting transport phe-
nomena which are similar to those in topological electronic systems, and we
will introduce them in next section.
1.2 Topological Transport
One of the most famous examples of topological effects on transport
phenomena is the integer Hall effect [102], also known as the quantum Hall
4
effect, where a quantized Hall conductivity σxy is observed in two-dimensional




, ν = 1, 2, 3, ... (1.4)
where e is the elementary charge and h is Planck’s constant, and ν is exactly
an integer known as the (first) Chern number, given by the integral of Berry
curvature [203, 20] Ωznk along the Brillouin zone (BZ) as [152]






Ωnk = i 〈∇kunk| × |∇kunk〉 (1.5)
where n is a band index, and |unk〉 is the Bloch wavefunction for n-th band.
Later, Haldane [61] introduced a model on graphene to exhibit integer Chern
numbers without magnetic fields, where the Chern number can be understood
as a winding number of the map from the 2D BZ manifold T 2 torus to a two-
band manifold S2 sphere2 [9]. As long as the gap between the bands is not
closing, the topology of the bands can not change and thus guarantee that the
Chern number, as well as the Hall conductance, is topologically protected and
robust under perturbation. While the integer quantum Hall state is insulating
in the bulk, it changes the Chern number at the boundary in contact with the
topologically trivial vacuum, producing topologically protected edge modes
across the gap [65, 66]. That is also these edge modes that give rise to the
integer Hall conductance, connecting topology to transport properties.
2More generally, SU(N) for N bands
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From a geometric perspective, topology is not unique for fermionic
systems, and indeed, it has been realized in bosonic systems [13], such as pho-
tonic systems [93, 210], ultracold bosonic atoms [3, 116], polaritonic systems
[101, 173, 89], and also magnonic systems [133, 195, 168]. Though the Hilbert
space of bosons is different from the space of fermions and needs extra care3,
the topological properties of bosonic bands are also encoded in the Berry phase
and Berry curvature. Thus, similar to electronic cases, topological properties
of the bands can induce Hall-like effects in magnonic systems, such as ther-
mal Hall effects [91, 139] and magnon Nernst effects [30, 223, 169], where a
transverse thermal conductivity or a spin current is presented with a thermal
gradient. These effect has been theoretically studied and experimentally ob-
served in a variety of magnetic ordered [105, 106, 161] and frustrated systems
[70, 90, 144, 44, 212]. In addition, many other topological phases of matter
with magnonic bands attract great interest in the community, such as the
Kane-Mele model [98], topological insulators [69, 218], Dirac [142, 140, 148]
and Weyl magnons [113, 145].
In the following chapters, we will show an asymmetric exchange cou-
pling that developed from spin-orbital couplings (SOC) in magnetic systems,
i.e., Dzyaloshinskii–Moriya interaction [47, 130],
HDM = Dij · (Si × Sj), (1.6)
can play a key role in the transport of magnons and their topological properties.
3It will be shown in the following chapters.
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1.3 Outline
This dissertation is organized as follows. In Chapter 2, a study on the
magnon Nernst effects in pyrochlore iridates thin film is presented, where we
first introduce a spin Hamiltonian of pyrochlore iridates thin film and find its
topological band dispersions [Sec. 2.1], and then calculate the magnon Nernst
response coefficients with a range of coupling parameters [Sec. 2.2].
In Chapter 3, a general theory of spin Seebeck effects with interfa-
cial Dzyaloshinskii–Moriya interactions is provided, where the model for the
insulator|metal heterostructure is introduced in the first section [Sec. 3.1], and
in the second section [Sec. 3.2], a numerical calculation on an insulating py-
rochlore iridate with an all-in/all-out spin ordering is conducted to evaluate
the effects of temperature, interfacial coupling and crystalline orientation on
spin transfer at the interface.
In Chapter 4, we investigate the topological magnon-polaron in a two-
dimensional antiferromagnet with a magnon-phonon coupled model [Sec. 4.1],
and explore the band topology with a magnetic field [Sec. 4.2], then discuss
possible experimental observations of topological properties by thermal Hall
and valley Hall effects [Sec. 4.3].
We end the dissertation with a summary and an outlook in Chapter 5,
and provide three appendices with details in numerical method for topolog-
ical bosonic systems and derivations on magnon-electron couplings and spin
currents used in Chapter 3.
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Chapter 2
Magnon Nernst Effects in Pyrochlore Iridates
Thin Films
In this chapter1 , we theoretically study the magnon spin thermal trans-
port using a strong coupling approach in pyrochlore iridate trilayer thin films
grown along the [111] direction. Over the last two decades, the pyrochlore fam-
ily of iridate compounds, A2Ir2O7, where A is a rare earth element and O is
oxygen, has been subjected to intense scrutiny as the family constitutes a rare
class of materials where the energy scales of spin-orbit coupling, Coulomb inter-
action [191, 7] and the electronic bandwidth are all comparable [198, 154, 162].
In particular, the interplay between spin-orbit coupling [153, 62, 129, 5] and
electron correlations [108] makes pyrochlore iridate a promising platform for
studying quantum phenomena where topology and magnetic frustration com-
pete on the same footing [198, 118]. During a metal to insulator transition
[206, 124], interesting phases of matter such as the axion insulator [207, 27, 57],
fractionalized states [119, 86, 110, 158, 88, 121], and Dirac or Weyl semi-metals
1The results presented here are based on the research article: Bowen Ma and Gregory A.
Fiete, Intrinsic Magnon Nernst Effects in Pyrochlore Iridate Thin Films, arXiv: 2107.09613
(2021). B. Ma suggested the project, performed the calculations and wrote the computer
code. G. A. Fiete supervised the project. Both authors participated in discussions, and in
writing the manuscript.
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[191, 185, 199, 27, 208], emerge with increasing the electron-electron interac-
tion strength. The properties of these phases can be detected in some cases via
electrical measurements, as they can lead, e.g., to the anomalous Hall effect
[208].
Besides electronic phases, in the limit of strong electron-electron inter-
action, pyrochlore iridates behave as a magnetic insulating system with strong
spin-orbit coupling [107] giving rise to an asymmetric Dzyaloshinskii–Moriya
interaction (DMI). As a result of this DMI, pyrochlore iridates are presented
in a non-collinear all-in/all-out ordering on neighboring tetrahedra of the py-
rochlore lattice [167], which is possible to provide arbitrarily polarized spin
currents and easy to switch to other ordered ground states with different mag-
netic point group symmetries as well as localized spin textures with nontrivial
topology, e.g. skyrmions [22]. Motivated by these interesting properties, we
study the transverse spin transport of magnons induced by a longitudinal
temperature gradient, i.e, magnon Nernst effects, in a pyrochlore iridate thin
film. We evaluate the effect of magnon band topology on the Nernst thermal
response along with varying the temperature, which suggests pyrochlore iri-
dates are potential materials for exploring the interplay between topology and
spintronics.
The chapter is organized as follows. In Sec. 2.1, we introduce the spin
model and calculate the topological magnon band evolution with the DMI
using a generalized Bogoliubov transformation. We also investigate the spin
current chirality of the topologically protected edge modes in a strip geometry.
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In Sec. 2.2, we calculate the spin Berry curvature of a thin film trilayer to study
the effects of the DMI on the magnon Nernst response coefficients. We find sign
changes of the coefficients by modifying the DMI or raising the temperature of
the system. In Sec. 2.3, we provide a discussion on experimental realizations
and summarize the main conclusions of our work.
2.1 Model
2.1.1 Spin Hamiltonian
To study the magnon thermal transport, we focus on quasi-2D py-
rochlore iridate thin films with non-magnetic A site ions grown in the [111]
direction [73, 72, 29, 105], as shown in Fig. 2.1.
The alternating triangular and kagome layers along the [111] axis pre-
serves the spatial inversion symmetry of the lattice. Because of the absence of
a mirror symmetry along the [111] direction, the number of atoms in the unit
cell of this triangular-kagome-triangular (TKT) thin film is different from the
bulk system. However, we assume that the spin Hamiltonian, which consists





[JSi · Sj + Dij · Si × Sj + Sai Γabij Sbj ], (2.1)
where Si(S
a
i ) is the spin moment (component) on site i, and J represents
the antiferromagnetic Heisenberg coupling, Dij is the Dzyaloshinskii–Moriya
(DM) interaction on bond ij, and Γabij is the symmetric anisotropic exchange
10
Figure 2.1: The triangular-kagome-triangular (TKT) lattice structure with an
AIAO spin ordering for an [111] oriented growth. Red spheres and blue arrows
are Ir atoms and the effective spins-1/2 degrees of freedom, respectively. The
number of atoms in the unit cell is five (3 from the central kagome plane, and
1 each from an “up” and “down” pointing tetrahedron), in contrast to the
bulk case which has 4 atoms in the unit cell: Labeled sites 4 (5) consist of
a triangular plane above (below) the kagome plane. The lattice vectors are







, 0) with a lattice constant a.
coupling tensor. With a large cubic crystal field from the oxygen octahedra
surrounding each Ir4+ ion along with a strong spin-orbit coupling (SOC), we
take the magnetic moment of Ir4+ as an effective spin 1/2 because of the
splitting of the t2g orbitals into total angular momentum 1/2 (partially filled)
and 3/2 (completely filled) manifolds in the strong SOC limit [96, 214].
Based on symmetry alone, the direction of the DM vectors in the TKT
thin film cannot be completely determined from Moriya’s rule [130, 131]. How-
ever, if we only include the DMI arising from nearest neighbors, the DM vector
11
of each bond is parallel to the opposite bond allowed by the mirror symmetry
of the Ir4+ tetrahedron [92]. In our study of the magnon Nernst effects from
topological magnon bands, we choose the sign of the DM vectors to obtain
a stable AIAO spin ordering [48], as shown in Fig.2.1. In such a state, the




















































where θt = 2 arctan
√
2 is the tetrahedral angle, t is the nearest-neighbor
hopping energy, U is the on-site Hubbard interaction, and θ, which can vary
between arctan
√
2 to π − arctan
√
2, is a parameter that controls the ratio
among the couplings. The parameter θ depends on the material details [107],
and is not easy to freely control by static external parameters. However, out-of-
equilibrium, with Floquet engineering, it is possible to control the interactions
by using circularly polarized light. In such a periodically driven system, the
Hubbard interaction U can be renormalized into an effective term U(ω) that
depends on the frequency ω and polarization of the light [24, 68]. In addition,
laser illumination can modify the hopping terms and Hubbard terms indirectly
with lattice vibrations and distortions [53, 137]. With these two methods, the
coupling strengths can be experimentally tuned in principle, in addition to the
application of static substrate strain and hydrostatic pressure which provide
a more limited control route.
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2.1.2 Spin-Wave Analysis
To study the magnon Nernst effect, a spin-wave analysis is necessary
to obtain magnon dispersions. Because of the non-collinearity of the system,
there is no global Sz direction, so one must orient the Cartesian coordinate
system for each sublattice such that the ẑ-axis locally lies along the classical
ground-state orientation of the onsite macro-spins [143, 52, 117]. In other
words, the spin Si(θi, φi) is related to the one in the local frame of reference,
S′i, as S
′
i = RiSi with
Ri = Ry(−θi)Rz(−φi)
=
 cos θi 0 − sin θi0 1 0
sin θi 0 cos θi
 cosφi sinφi 0− sinφi cosφi 0
0 0 1
 , (2.5)
where the matrix Rz(y)(θ) is a right-handed rotational matrix of angle θ about
the ẑ(ŷ) axis, and θi(φi) is the polar (azimuthal) angle of the classical ground-
state orientation of Si.
In the local reference frame of each sublattice, a local ẑ direction is
well-defined and the sublattice spin can then be expressed with a Holstein-










where S = 1
2
is the magnitude of the local spin.
If we ignore the higher-order terms leading to magnon-magnon inter-







where Xk = (a1(k), . . . , a5(k), a
†
1(−k), . . . , a
†
5(−k))T expands the Hilbert space
into a particle-hole space (PHS) and Hk stands for a bosonic Bogoliubov-de







To diagonalize this BdG Hamiltonian2, one needs to use a paraunitary matrix
Qk which satisfies








where σ3 = Diag(1,−1)
⊗
I5 denotes the bosonic commutator in particle-
hole space, and Ek are the eigenenergies. Here, Qk can be regarded as a
general Bogoliubov transformation [168, 38] similar to the case in collinear
antiferromagnets [100].
With Eq. (2.5)–(2.9), we obtain the magnon dispersions along a high
symmetry point path (see Fig. 2.2) in Fig. 2.3, and study band evolutions
by varying the ratio control parameter θ. In Fig. 2.4, we observe several
gap closings and reopenings among the five bands which changes the band
topology, and we list the Chern numbers in the phase between touchings in
Table 2.1.
As the Chern numbers are different below and above the band gap,
we expect magnon edge currents to carry spin angular momenta producing a
magnon Nernst spin current in the presence of a temperature gradient [127,
157].






Figure 2.2: The hexgonal Brillouin zone of the TKT thin film. High symmetry
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The red line is the path along high symmetry points.
2.1.3 Edge States
In contrast to previously studied systems with magnon Nernst effects
[30, 223, 112], in our TKT thin films there is a direct gap above the lowest band.
Since the sum of Chern numbers below a gap defines a winding number that is
in direct correspondence with the number of edge modes [98, 127], we further
study the spin current at the edges in a strip geometry. In Fig. 2.5, there are
two opposite edge modes (i.e., one on each edge but one being a continuation
of the other in a finite area strip/system) within the gap as the lowest band
has Chern number +1(−1) for θ < (>)1.26. The k-dependence of the spin of
these two edges is plotted in Fig. 2.6 which shows that the chiral edge modes
propagating along the two edges have the same y and z spin components due
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Table 2.1: Chern numbers in the phases between touchings. We calculate the
Chern numbers with the Fukui lattice discretization method [179] for momen-
tum space grids of 1001× 1001 sites.
θ < 1.003 1.003-1.04 1.04-1.103 1.103-1.108 1.108-1.18 1.18-1.20 1.20-1.26 > 1.26
D/J < 0.096 0.096-0.17 0.17-0.3 0.3-0.31 0.31-0.47 0.47-0.51 0.51-0.65 > 0.65
Bottom band +1 +1 +1 +1 +1 +1 +1 -1
+2 +2 -1 -1 -1 -1 -1 +1
-3 -4 -1 -1 -3 +3 +3 +3
+1 +2 +2 -1 +1 -3 -1 -1
Top band -1 -1 -1 +2 +2 0 -2 -2
to the inversion symmetry between the pairs, and thus contribute opposite
spin currents, while there is no x-component, which vanished due to the MyzT
symmetry of the system.
2.2 Magnon Nernst Effect
In this section, we study a magnon Nernst effect, which can generate a
transverse magnon spin current Js in the TKT thin film from a longitudinal
temperature gradient ∇T . Here we only focus on the intrinsic effect of magnon
Berry curvature, which induces an anomalous velocity and a transverse motion
of magnons [125]. Generally, the spin angular momentum in a non-collinear
system with SOC is not conserved [165, 135]. In this case, one cannot denote
a good spin quantum number for each magnon band and the definition of a
conserved spin current needs to include a torque term [202]. In our case, the
non-collinearity arises from the DMI, which breaks the conservation of a spin
16









(a) θ = 0.98, D/J = 0.049











(b) θ = 1.07, D/J = 0.23











(c) θ = 1.35, D/J = 0.88
Figure 2.3: Spin-wave spectra for different θ values. Energies are given in
units of JS. The Chern numbers from bottom are (a)(+1, +2, −3, +1, −1),
(b)(+1, −1, −1, +2, −1) and (c)(−1, +1, +3, −1, −2).
angular momentum. However, with spatial inversion symmetry, the average
torque response is zero and a total s-polarized spin current contribution from
the MNE, Jsi = α
s
ij∇jT is well-defined [112] and the magnon Nernst coefficient









where c1(x) = (1 + x) ln(1 + x) − x lnx, g(x) = (ex/kBT − 1)−1 is the Bose-








where vβk = ∇βHk, jsik = 14(vikσ3Ŝ
s + Ŝsσ3vik) is the s-polarized spin current
operator in PHS, and (. . . )nm stands for Q
†
nk(...)Qmk as matrix elements under
Bogoliubov representation.
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Figure 2.4: Magnon band touching points, at which there occur topological
phase transitions. Red circles identify the touching points.
Our TKT thin films are inversion symmetric so we can use Eq. (2.11) for
calculating the spin current. More precisely, the thin film has a spatial point
group D3d with generators {I,Myz, C3z}, and a magnetic point group 3̄m′ with
the AIAO spin ordering. From a symmetry point of view, this magnetic point
group is compatible with ferromagnetism, and thus a thermal Hall current is
expected [128, 174]. Similarly, by considering the magnetic point group acting

















































Figure 2.5: Magnon spectra of a 40 atom wide TKT thin film strip. The
strip is oriented along the x-direction with finite width in the y-direction. It
is periodic along x (a1)-direction, following the convention in Fig. 2.1. Blue
and orange dispersions are the topologically protected magnon edge states
spatially separated by the bulk (i.e., they are localized on different edges).
Orange states are localized on the right, and blue states are localized on the
left of the strip. Note the change in edge state direction in (c) relative to (a),
(b).
αx =
 −α1 0 00 α1 −α4
0 −α3 0
 , αy =




 0 α2 0−α2 0 0
0 0 0
 (2.12)
The structure of these tensors is consistent with our results for the edge


























Figure 2.6: Spin components of the edge modes using a strip of 40 atoms
width and θ = 1.07. Solid (dashed) lines are for left (right) movers as shown
in Fig.2.5. Only the y and z-components are non-zero.
spin components can transport along edges transversely for a temperature
gradient along the y-direction. From a more simple picture, since the total
net moment within one unit cell is only along the out-of-plane direction, i.e.
z-direction, αx and αy with in-plane polarizations should have similar indepen-
dent coefficients, αi for i = 1, 3, 4, while α
z is different from them (containing
only α2).
The typical lattice constant between iridium ions of bulk pyrochlore
iridates is on the order of 10Å [163], and thus in our thin film case, we focus
on the magnon Nernst response induced by a temperature gradient within the




xy. The temperature and coupling dependence of these coefficients
are shown in Fig. 2.7 and Fig. 2.8 respectively.





































Figure 2.7: The temperature dependence of (a) α1 (α
y
xy) and (b) α2 (α
z
xy).
The inset in (b) is a zoom-in to show the sign change of α2 for θ > 1.26.
From Fig. 2.8, we can see that the DMI in general suppresses the re-
sponse coefficients. On one hand, from Fig. 2.3, we have a higher excitation
energy of the system with a larger DMI. Then the magnon bands can be
accessed only with higher temperature as c1(g(Enk)) decreases exponentially
with increasing energy. On the other hand, most contributions to the MNE
are from the lowest two bands, and as shown in Fig. 2.9 the spin Berry curva-
ture of these two bands concentrates at K and K′ point with opposite signs
because of the DMI. When the DMI increases, the two bands move towards
one another, and thus αs ∝ Ωs1(K)(E1K − E2K) is getting smaller. After the
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Figure 2.8: The coupling dependence of (a) α1 (α
y
xy) and (b) α2 (α
z
xy) plotted
along the red dashed line in Fig. 2.7(a) and (b) respectively.
two bands touch each other, the MNCs increase again as the gap reopens when
θ > 1.26.
In the high temperature limit, the MNE changes sign when θ & 1.26,
due to the sign change of Chern numbers in the bottom two bands after a topo-
logical phase transition. However, since the net moment is along z-direction,
α2(α
z
xy) results from the spin angular momentum carried by a total thermal
Hall magnon current, while α1(α
y
xy) comes from the imbalance among magnon
modes similar to magnon Nernst effects in collinear antiferromagnets [30]. Be-
cause of this, α1 is more sensitive to the band topology and change of DMI.
For θ = 0.98, the DMI is small compared to the exchange coupling and
the system approaches the Heisenberg limit. The low energy scale of this limit
supports the contributions to MNE from higher bands when the temperature
increases. Thus, instead of a monotonic change respect to the temperature,
22
α1 changes sign at kBT ≈ 0.27JS and kBT ≈ 0.74JS reflecting the Chern
numbers with alternative sign from the bottom to top as (+1, +2, -3, +1, -1).
For θ > 1.26, although the Chern number of the lowest band changes
sign to +1, the spin Berry curvature around M -point with lower energy domi-
nates at low temperature [see Fig. 2.9(c)] and thus gives rise to a response with
a negative sign. When temperature increases, the sign of response coefficient
will change to positive as the change of Chern number during the phase tran-
sition, which is determined by the (spin) Berry curvature at two concentrated
point K and K ′.
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Figure 2.9: Density plots of spin Berry curvatures in log scale L(Ωs) =
sign(Ωs) log(1 + |Ωs|) for lowest two bands (Band 1 is the lowest band). (a-c)
are y-polarized spin Berry curvatures for different θ values before and after
gap closing. (Continue on next page.)
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Figure 2.9 (cont.): (d-f) are for z-polarized spin Berry curvatures. Both spin
Berry curvatures concentrate mostly at K and K′ point with opposite signs.
Detailed plots of the spin Berry curvature in the vicinity of the gray and black
regions, corresponding to the values outside of the range of the scale bar, can
be found in Fig. 2.10.
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(a)L( y)(×10-2) for =1.35
(b)L( z) for =1.35
Figure 2.10: Spin Berry curvature in different ranges around K, K′ and M
points.
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2.3 Discussion and Conclusion
We have calculated the magnon Nernst response coefficients in the TKT
pyrochlore iridates thin film with an all-in/all-out spin ordering. In contrast
with the magnon Nernst effect in collinear systems, we found transverse spin
currents with both y- and z-polarization (for a thermal gradient applied along
the x-direction). As an experimental estimate, if we assume a thickness of 20
Å (for a trilayer, taken from the lattice constant of a material [163, 166] such
as Y2Ir2O7) with a 20 K/mm temperature gradient, we expect a y-polarized
(z-polarized) spin current on the order of 10−11(10−10) J/m2, which makes py-
rochlore iridates a promising experimental candidate for observing the magnon
Nernst effect in non-collinear systems.
In addition, we found the TKT trilayer film has a direct gap that sup-
ports two topological nontrivial edge modes. These edge modes have not been
discussed in the context of the magnon Nernst effect before. They provide a
spin current channel at each edge with opposite signs, and may be detected
separately at the edge by local measurements [46]. Since these edge modes
are topologically protected, it is possible to realize a spin current only weakly
affected by disorders in the bulk [204].
Our results also show that the DMI can significantly impact the re-
sponse coefficients, as it can modify the nontrivial geometric aspect of magnon
bands, including topological transitions. The sign change of the coefficients is
due to the distribution of spin Berry curvature throughout the Brillouin zone
and the thermal population of bands with different Chern numbers. In order
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to observe the sign change of α1 for θ = 0.98 (1.30), one must have an experi-
mental resolution of the order of 10−11 (10−12) J/m2, which can be converted
into and measured by an inverse spin Hall current on the order of 104 (103)
A/m2 [170]. Therefore, the magnon Nernst effect can also be used as a probe
to study the topological properties of magnons in magnetic insulators. In ad-
dition, the magnon spin transport can be tuned with an external magnetic
field, either by a spin ground state phase transition in the strong-field limit or
a Zeeman energy splitting in the weak-field limit [186, 113].
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Chapter 3
Spin Seebeck Effects with Interfacial
Dzyaloshinskii-Moriya Interactions
In this chapter1 , we study another type of thermally-driven spin trans-
port, i.e., the longitudinal spin-Seebeck effect (LSSE) [182, 16] at the interface
of a magnetic insulator|non-magnetic metal heterostructure, where a spin cur-
rent originating in the magnetic insulating system is driven by a temperature
gradient and injected longitudinally into the metallic system which then con-
verts the spin current to an electrical current (via spin-orbit coupling) that
generates a voltage via the inverse spin Hall effect [170].
As the spin transfer length of LSSE observed in experiments is over a
macroscopic scale of several millimeters, which was extraordinarily longer than
the spin-flip diffusion length of conduction electrons, it suggests that, instead
of the conduction electrons, the dynamics of local moments in the magnetic
materials, or magnon, is important to the LSSE. The coupling between electron
1The results presented here are based on the research article: Bowen Ma, Benedetta
Flebus, and Gregory A. Fiete. Longitudinal spin Seebeck effect in pyrochlore iridates with
bulk and interfacial Dzyaloshinskii-Moriya interaction, Phys. Rev. B 101, 035104 (2020).
G. A. Fiete suggested and supervised the project. B. Ma’s contribution was focus on the
calculations of the model with Dzyaloshinskii-Moriya interaction, and writing the computer
code. All authors participated in discussions, and in writing the paper.
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spins and localized moments at the interface of ferromagnetic insulator—non-
magnetic metal or topological insulator has been studied previously, suggesting
the interfacial coupling is crucial to the efficiency of spin transfer. However,
most theoretical studies of LSSE are primarily with the assumption of an
isotropic interfacial exchange coupling. In addition, a spin transport theory
remains largely unexplored for systems with non-collinear magnetic orders
[52]. The nature of the lattice geometry combined with spin-orbit coupling
implies there is no conserved component of the spin in the presence of the spin-
rotational symmetry breaking DM terms. However, spin transport can still be
well-defined at the interface between these magnetic insulating systems and
an adjacent metal. Motivated by these considerations, here we investigate the
interfacial spin transport between a non-collinear magnetic insulator|normal
metal heterostructure and present a general theory of the LSSE in the case of
an antisymmetric Dzyaloshinskii-Moriya interaction (DMI) at the interface, in
addition to the usual Heisenberg form. We numerically evaluate the depen-
dence of the spin current on the temperature and bulk DMI using a pyrochlore
iridate as a model insulator with an all-in all-out (AIAO) ground state con-
figuration. We also compare the results of different crystalline surfaces arising
from different crystalline orientations and conclude that the relative angles
between the interfacial moments and Dzyaloshinskii-Moriya vectors play a sig-
nificant role in the spin transfer. Our work extends the theory of the LSSE by
including the anisotropic nature of the interfacial Dzyaloshinskii-Moriya ex-
change interaction in magnetic insulator|non-magnetic metal heterostructures
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and can suggest possible materials to optimize the interfacial spin transfer in
spintronic devices.
The chapter is organized as follows. In Sec. 3.1, we introduce our
model for the metallic and the non-collinear magnetic insulating systems, and
the exchange and DMI-driven interfacial coupling between their spin densities.
Using Kubo formalism, we derive an expression for the spin current flowing
across the interface of the magnetic insulator|normal metal heterostructure.
In Sec. 3.2, we introduce a specific model Hamiltonian for the magnetic insu-
lating phase of pyrochlore iridates and determine the spectra of the magnetic
excitations. Applying our transport theory to these results, we present nu-
merical results for the spin current injected from a pyrochlore iridate into a
normal metal. We investigate the dependence of the current on the tempera-
ture gradient, the ratio between bulk and interfacial DMI interaction and the
crystallographic orientation of the interface. Finally, in Sec. 3.3, we discuss
our conclusions and possible future directions.
3.1 Model and Approach
3.1.1 Lattice Model
We consider a magnetic insulator (MI)|nonmagnetic metal (NM) het-
erostructure as illustrated in Fig. 3.1, allowing the magnetic insulator to have
any type of non-collinear magnetic configurations at the interface. A constant
temperature gradient is applied across the interface of the heterostructure,
yielding a local temperature difference near the interface. A better description
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may assume a linear temperature variation through the magnetic insulator
and into the metallic system, then one would need to express the temperature
as a local function of position and express the formulas in terms of quantities
with a real-space dependence on the distance from the interface. The physical
conclusions of such a calculation would be the same as those we have reached
with a simple temperature difference, and very likely the numerical results of
computation would be similar to those we reported in Sec. 3.2. For transport
problems, it is natural to use periodic boundary conditions in the xy-plane
and an open boundary at the interface along the transport z-direction.
3.1.1.1 Nonmagnetic Metal
Because the non-magnetic material used in experiments is usually a
good conducting metal, we treat it as a degenerate Fermi gas with no spin







ψ†σ(r, z)σσσ′ψσ′(r, z), (3.1)
where σ is the vector of Pauli matrices with σ (or σ′) the spin index, r is a two
dimensional in-plane vector, and ψ†σ(r, z) is the electron creation operator for
an electron of spin σ at position (r, z). Because of the translational invariance
in the plane parallel to the interface, we can perform a partial Fourier trans-
form with respect to r, where ψσ(r, z) =
∑
k ψk(r)ckσ(z). The k vector is the
in-plane wavevector reciprocal to the two-dimensional coordinate r. The or-
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with 〈c†k′σ′(z′)ckσ(z)〉 = nF (βMεk) δσ,σ′δk,k′δz,z′ . Here, nF (x) = (ex + 1)−1 is
the Fermi distribution function, εk the single-electron energy and TM = β
−1
M
(we set the Boltzmann’s constant kB = 1) the local temperature of the metal,
which may depend on k and z.
3.1.1.2 Magnetic Insulator
Because of the boundary conditions, the magnetic insulator can be
regarded as multiple two-dimensional lattices stacked along the z-direction.
It is convenient to write the lattice coordinate as (Rm, l), labeling the ori-
gin of the m-th two-dimensional lattice site in the l-th layer. The m-th
two-dimensional lattice unit cell has a noncollinear magnetic configuration
{Sα(ri)} with a classical macro-spin Sα(ri) located at sublattice rα of lattice
Rm, where ri = Rm + rα. Because the magnetic moments are non-collinear,
we orient the Cartesian coordinate system for each magnetic site in the same
way as introduced in Chapter 2, such that the ẑ axis locally lies along the
classical ground-state orientation of the onsite macro-spin [105, 52]. Namely,
the macrospin Sα is related to the one in the local frame of reference, S
′
α, as
S′α = Rα(θα, φα)Sα, where θα(φα) is the polar (azimuthal) angle of the classical
ground-state orientation of Sα.
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Figure 3.1: Longitudinal Spin Seebeck setup. A thermal gradient ∇T is ap-
plied perpendicular to the interface of the heterostructure. The upper red
portion is the non-magnetic metal with temperature TM near the interface,
modeled as a degenerate Fermi gas. The lower blue part is the magnetic insu-
lator with temperature TI , which can be regarded as multiple two dimensional
layers with layer index, l. The grey part represents the interface, where the
electron spin density, ρz=0, and α-th interfacial magnetic moments, S
0
α, are
coupled with an isotropic Heisenberg exchange J and DM interaction D.
In the local frame of reference, the spin at the site ri in the l-th layer
can be expressed, via the Holstein-Primakoff transformation [71] as{
S ′+α,l(ri) ≈ ~
√
2Salα(ri)










where S is the magnitude of the local spin. Here we ignored higher order
terms leading to magnon-magnon interactions. The bosonic operators aα(a
†
α)


































αν,−q are determined from a Bogoliubov transformation
that diagonalizes the magnetic excitations of the bulk Hamiltonian of the sys-
tem, N is the magnetic lattice site number of the two-dimensional layer and
Ns is the number of sublattices per unit cell. Thermal magnons in the mag-










δk,k′ , where nB(x) = (e
x − 1)−1, ωlν(k) is the dispersion of the
lth layer νth magnonic band, and T = β−1I , the local magnon temperature, is
below the transition temperature so that the ordering and the fluctuation is
well defined.
3.1.1.3 Interfacial Coupling
For simplicity, we assume that the two subsystems have the same Bra-
vais lattice at the interface (corresponding to z = 0 in the metal or l = 0 in the
insulator), that is, the lattice does not change across the interface. Since the
interface generally breaks the inversion symmetry, besides a Heisenberg-type
interaction with exchange coupling Jij, a Dzyaloshinskii–Moriya interaction
(DMI) Dij could couple spin density ρ(ri = Rm + rα, z = 0) and magnetic
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Jijρ(ri) · Sβ(rj) + Dij · [ρ(ri)× Sβ(rj)]
]
, (3.5)
where the summation of 〈ij〉 is only over the pair of nearest-neighbor sites
i and j to avoid double-counts and we drop z = 0 and l = 0 in ρ and S,
respectively, for notational brevity.
In each local reference frame, by plugging Eq. (3.3) and Eq. (3.1) into




















































Here, within a mean-field approximation and far from the magnetic
ordering temperature (i.e. 〈alα
†





kσck′σ′ as these are elastic scatterings between electrons off the static
magnetic order of the insulator and thus will not depend on the thermal bias
[17]. Then Eq. (3.6). can be understood as inelastic scatterings between elec-
trons and thermal magnons in the lowest order, where the contribution from
2See details in Appendix B.
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The amplitudes of the scattering depends on the rotational angles,
{(θβ, φβ)}, and Bogoliubov transformation of the bulk magnetic excitations,
{(M0lβν,q, N0lβν,−q)}. Once the geometry of the non-collinear ground state is
known, the rotational angles are determined and the latter can be obtained
from the magnon Hamiltonian [38, 36, 187].
3.1.2 Spin Currents
To determine the interfacial spin current, we define a total spin accu-
mulation operator Q(z) at a z-surface as
Q(z) =
∫









Assuming that the magnetic order is static and spin density is conserved
across the interface of an area A, the interfacial spin current density flowing










[HI ,Q(z = 0)]. (3.9)
By using Kubo formula [104] to second order in interfacial coupling Jij and
Dij, and after plugging Eq. (3.6) and Eq. (3.8) into Eq. (3.9), some algebra
3and





































































































3See details in Appendix C.
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Here, Eq. (3.11) reflects the inelastic scattering of e− + e− → magnon
and its reciprocal process in terms of the spectral function for the νth magnon
band at the lth layer, Alν(q, ω), and the electron spectral function, A(k, ε).
For a non-interacting clean system, we have Alν(q, ω) = 2πδ(ω − ωlν(q)) and
A(k, ε) = 2πδ(ε− εk). Assuming the electronic temperature TM and the single
electron energy εk to be both much smaller than the Fermi energy εF , we treat










When a thermal gradient drives the system into a non-equilibrium state, a local
temperature difference between the two subsystems near the interface breaks






























One may notice that the spin current depends quadratically on g′s so
that simply changing the signs of both interfacial couplings Jij and Dij will
not change the result.
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Since rotational invariance of the electron spin at the interface is bro-
ken by the magnetic noncollinearity of the insulator, one may notice that, in
Eq. (3.6), all four kinds of spin configurations σσ′ of the two-electron scatter-
ing can contribute to a magnon creation. Thus, in spin current expressions the
product between two amplitudes will have some cross terms as interference,
which is zero in the ferromagnetic or collinear antiferromagnetic case. These
cross terms are generally non-zero but small compared to the diagonal terms
due to the phase summation. In some cases they may even cancel out from
the lattice symmetry.
3.2 Numerical Results
As we introduced in previous chapter, pyrochlore iridates (PI) are 5d
transition metal oxides with a corner-sharing tetrahedron lattice, where on
each vertex sits an Ir4+ ion with an effective spin 1/2 [95, 96, 84, 214], as
shown in Fig. 3.2. On one hand, pyrochlore iridates have a strong spin-orbital
coupling that may give rise to a large DMI both in the bulk and at the interface,
on the other hand, the effective spins of pyrochlore iridates arrange in a non-
collinear all-in/all-out(AIAO) configuration under large on-site interaction U
[166, 43, 159, 42, 45, 115] and they behave as an insulator in this AIAO phase
due to strong correlations among electrons [222, 176]. Thus, in order to further
study the effects of an interfacial temperature difference, interfacial coupling
strength and magnetic non-collinearity on the LSSE, the pyrochlore iridate
serves as a good non-collinear magnetic insulator for us to apply the spin
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current expression that we developed above into a numerical calculation.
In order to use Eq. (3.12) and Eq. (3.14) to assess the spin current,
we need to first evaluate the magnon energy spectrum ωlν,q and the Bogoli-
ubov transformation coefficients {(M0lβν,q, N0lβν,−q)}. These quantities can be




JSi · Sj + Dij · (Si × Sj) + Sai Γabij Sbj , (3.15)
obtained from a large U expansion. Here, J and Dij are the exchange inter-
action and DMI in the bulk, which can be different from interfacial coupling
with the metallic system, and Γabij is the symmetric anisotropic exchange [130].
(a) (b)
Figure 3.2: (a) Bulk unit cell in the cubic coordinate system with the AIAO
spin configuration. (b) Corner-sharing pyrochlore lattice.
For simplicity, we suppose the metallic side has the same lattice struc-
ture as PI and the interfacial coupling has the proper sign (positive Jαβ and
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indirect Dαβ [95, 96]) to favor the AIAO configuration at the interface. In
a real material system the interfacial magnetic order may differ from that of
the bulk, as may either be determined through first principles calculation or
experiment. In that case, one should use the interfacial order in Eq. (3.5). For
the units, we choose energy scale in units of t2/U using the parametrization
studied in Refs. [107, 105], and setting ~ = 1, and the lattice constant a = 1.
To analyze the interfacial effect, we consider two separate cases where
the nonmagnetic ions of PI are grown in different crystalline orientations, [111]
and [100], shown in Fig. 3.3.
(a) Crystalline Orientation along [111]. (b) Crystalline Orientation along [100].
Figure 3.3: Blue dots are magnetic sites in the insulator and red dots are spin
densities localized at metallic lattices. The brown sheet is the interface and the
blue arrows indicate the magnetic moments. The red arrows on the red-blue
bonds are the indirect DM vectors Dij between electron spin density ρ(ri) and
moment Sβ(rj). Constrained by the symmetry, the DM vector on each bond
is parallel to the opposite bond.
Moreover, we count the contribution both from the scattering that
G = 0 and other possible Umklapp scattering (G 6= 0). The system size
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we use in the numerical summation is a 3-layer×12× 12 lattice to obtain con-
verged results. The dispersion of bulk magnons at the interface calculated































































































(b) Crystalline orientation along [100].
Figure 3.4: Bulk magnon spectrum along high symmetry directions for differ-
ent crystalline orientations.
In Fig. 3.5, it shows that the spin current flowing through the [111]
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interface is smaller compared to the [100] case, which can be understood as
the interfacial total moment in [100] case is larger than the moment in [111]
case.


















Figure 3.5: Red, blue and green lines represent x, y and z polarization re-
spectively. Solid (dashed) lines represent spin current density when the crystal
is oriented in the [111] ([100]) direction. In these two orientation, only the
z-polarized spin current density is non-zero (the minus sign means the polar-
ization is along -z) and increases as the temperature difference increases, while
ix and iy is zero because of the symmetry. Here kBTM = J, kBTI = J− kB∆T .
|Dij|/J = |Dij|/Jij = 0.3. S is the magnitude of the local spin and the effective
S=1/2 in the PI.
3.2.1 Temperature Dependence
We set kBTM = J approximately around the transition temperature of
PI and calculate the spin current density when kBTI = J/2, 5J/8, 3J/4, 7J/8, J
in order to investigate the dependence on temperature differences. The non-
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magnetic ions of PI are usually grown in the [111] direction; thus, there are
3 sublattices at the interface. As previous experimental studies show that
|Dij|/J ' 0.1− 0.3 in the bulk of PI [45], we set this ratio to be 0.3. Although
the strength of the interfacial coupling is not necessarily equal to the bulk one,
as the temperatures only show up in Eq. (3.12) and thus spin currents will not
change the dependence on temperature when changing the interfacial coupling,
we simply choose interfacial Jij,Dij equal to J,Dij in the bulk. In both ori-
entations, Fig. 3.5 shows a linear dependence on temperature difference for
z-polarized spin current while x- and y-polarized spin current is almost zero.
This can be explained with a symmetry consideration that the net magnetic
moment only has a non-zero z-component at the interface.
Next, we set the temperature difference kB∆T = J/8 as a constant but
change the temperature of the heat bath from kBTM = J to kBTM = J/8. We
find that the spin current density is larger if the whole system is at a higher
temperature, as shown in Fig. 3.6. This comes from the Bose-Einstein statis-
tics of magnons as higher temperature leads to a higher density of magnons
participating in the magnon-electron scattering that transfers the spin angular
momentum across the interface. However, at high temperature, the magnon-
magnon interaction can have a non negligible effects on the scattering which
is beyond our present model, and the magnetic order may also changes when
the temperature exceeds the transition temperature.
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Figure 3.6: Spin current density increases as the temperature of the heat bath
TM increases. Here kB∆T = kBTM − kBTI = J/8. |Dij|/J = |Dij|/Jij = 0.3.
3.2.2 Coupling Strength
Fig. 3.7 shows the effects of the coupling strength on the z-polarized
spin current when the crystalline orientation is along [111] and [100]. Here,
we set kBTM = 5J/8 and kBTI = J/2 but change the ratio of the DMI to
exchange coupling |Dij
Jij
| in the bulk and |Dij
Jij
| at the interface. As in Eq. (3.14),
the interfacial exchange coupling only appears in g and i ∝ J2ij. Thus, when
|Dij
Jij
| is a constant, the interfacial exchange coupling trivially affects the spin
current as a parabolic function of Jij. Therefore, we can simply set the Jij = J





Generally, the DMI in the bulk PI increases the excitation energy of magnons,
which decreases the spin current. This is shown in Fig. 3.7: the curve with
lower |DM
J
| is above the one with higher DMI, indicating that the bulk DMI
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suppresses the spin transport.

































































Figure 3.7: The magnitude of z-polarized spin current density/πD2S as a
function of the coupling strength. (a) Crystal oriented in [111] and (b) Crys-
tal oriented in [100]. (c)(d) Corresponding density plots for [111] and [100]
orientation. Here kBTM = 5J/8 and kBTI = J/2, Jij = J, |DMJ | is the coupling
ratio in the bulk and |DM
J
| is the coupling ratio at the interface. S is the
magnitude of the local spin and the effective S=1/2 in PI.
One can also see that the spin current has a linear dependence on
the interfacial DMI in Fig. 3.7. To further analyze the effect of interfacial
DMI, we consider a FM spin alignment (non-physical, but illustrative) on
the pyrochlore lattice, where the magnetic moments are coupled with only
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exchange interaction J < 0 in the bulk and align along transport direction (z-
direction), while we turn on a DMI at the interface assuming the DM vectors
are the same with previous AIAO configuration.
As shown in Fig. 3.8, only the z-polarized spin currents are non-zero
in both cases but the dependence on the interfacial DMI are unlike each other
and unlike the curves in Fig. 3.7. This difference comes from the relative angles
among the magnetic moments, the DM vectors, and the polarization direction.
Since the interference is small, if we ignore the cross terms in Eq. (3.14), the





















As it can be seen from Eq. (3.16), the spin current density is gener-
ally parabolic with respect to the interfacial DMI. The third term within the
bracket is the contribution from the isotropic coupling and is quadratic in
the exchange coupling strength [52], while the first two terms arise from the
interfacial DMI. Since the DMI can be understood as the super-exchange in-
teraction with the help of spin-orbital coupling in a microscopic picture [130],
the total spin is not conserved at the interface. The new contributions come
from the orbital moment of the ion. In the case of the AIAO spin configu-
ration, the magnetic moment Sβ is perpendicular to the corresponding DM
vectors leading the first term to be zero and giving rise a linear dependence.
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Moreover, the indirect DM vectors in the AIAO state turn out to lead to an
enhancement of spin current in the second term, as shown in Fig. 3.7.
In the ferromagnetic cases, when the crystal is oriented in [111], both
Sβ ·Dαβ = 0 and [Sβ ×Dαβ]z = 0, which results in the DMI not affecting the
spin current in Fig. 3.8(a). However, Sβ is not perpendicular to Dαβ anymore
if the orientation is in [100] and this will give a parabolic curve, as seen in
Fig. 3.8(b). More specifically,
∑
αβ







is always postive and
∑
αβ





[Dα,1 × ẑ + Dα,2 × ẑ]z = 0 (3.18)
because of the mirror symmetry of the lattice (where Λl1ν = Λ
l
2ν and Dα,1 +
Dα,1 ⊥ ẑ). This leads to a parabola opening up and centered at zero as shown
in Fig. 3.8(b).
Therefore, not only the spin orientation at the interface but also the
directions of interfacial DM vectors can affect the interfacial spin current.
Whether the interfacial DMI will enhance or suppress the spin transfer depends
on the details of interfacial orbital moments and Eq. (3.16) can be used to
theoretically investigate the effects.
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3.3 Discussion and Conclusions
In this work, we extend the theory of spin transport driven by thermal
gradient at the interface of a noncollinear magnetic insulator|normal metal
heterostructures [52], deriving a general expression for the spin current den-
sity when both exchange coupling and Dzyaloshinskii–Moriya interaction are
present at the interface. Our theory, which neglects magnon-magnon inter-
actions, is valid at temperatures much below the magnetic ordering tempera-
tures. We numerically calculate the spin current density to study the effects
of temperature difference, coupling strength and crystalline orientation using
pyrochlore iridates with the AIAO state as the magnetic insulator. We derive
an approximate equation to investigate the effects of DM vectors on spin cur-
rents and use it to explain the numerical results when the PI is in the AIAO
state and the ferromagnetic state. These results give theoretical guidance to
manufacturing practical spintronic devices and optimizing the spin transfer
across the interface.
Experimentally, the LSSE is detected by the transverse voltage induced
from the inverse spin Hall effects [160, 188, 99, 184]. Our result of interfacial
spin currents can then be used as a boundary condition to solve the transport
equation for spin diffusion and find the spin currents in the bulk of the metal
[170]. Making use of experimental data, one can theoretically evaluate the
spin Hall angle and investigate different microscopic models on spin-current
conversion. This could provide a better description of the relation between
the bulk spin Hall angle and the interface properties which may influence the
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value of the spin Hall angle extracted in inverse spin Hall measurements.
While here we focus on the spin transport due to magnon-electron
scattering, thermalized phonons could also contribute to the scattering [2, 1,
51, 94]. Future work should evaluate the correction to the phonon-dressed
magnons. As the LSSE is a non-equilibrium phenomenon, the interplay be-
tween the higher order magnons and the spin accumulation near the metallic
interface should be considered. Moreover, in Sec. 3.2, we simply treat the
interfacial spin configuration and DM vectors as being the same as those in
the bulk of the material. However, the lattices of the two systems may not
match with each other as we have assumed and the physics at the interface
may be more complicated. A first-principle calculation on magnetic canting
and orbital moments can be useful to lead to a more realistic result, still within
the framework of our theory. In addition, the asymmetry of the interface can
give rise to a Rashba-type coupling and Dresselhaus SOC which may introduce
Skyrmions near the interface [50, 11, 156]. These effects should be investigated
in future work.
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(a) Crystalline Orientation along [111].















(b) Crystalline Orientation along [100].
Figure 3.8: Spin current density induced by ferromagnetic moments on PI
lattice. In these two orientations, the configurations of interfacial DM vectors
are the same with the DM vectors in the AIAO state and we allow the interfa-






In this chapter1 ,we theoretically study magnon-phonon hybrid excita-
tions, i.e.,magnon-polarons, in a two-dimensional antiferromagnet on a hon-
eycomb lattice. Antiferromagnetic materials have recently attracted great
attention to the community of spintronics [81, 80, 10], as they are insensi-
tive to the perturbation of magnetic fields and have no stray field with fast
magnetic dynamics in a timescale at THz comparing to ferromagnets with a
frequency of GHz. Many research efforts have been conducted over the past
decade on spin dynamics and spin transports in antiferromagnets, such as spin-
transfer torques [31, 59], domain-wall motions [60], and spin Seebeck effects
[201, 138, 155]. In particular, magnons, as collective excitations emerging from
magnetic orders, have low-dissipation and allow a pure spin transport without
Joule heating, leading to a surge of interest in utilizing magnons for spintron-
ics. Many magnonic analogs of electronic phenomena, such as magnon thermal
1The results presented here are based on the research article: Bowen Ma and Gregory
A. Fiete, Dzyaloshinskii-Moriya Induced Topological Magnon-Phonon Hybridization in 2D
Antiferromagnetic Insulators with Tunable Chern Numbers, arXiv: 2107.11484 (2021). B.
Ma suggested the project, performed the calculations, and wrote the computer code. G. A.
Fiete supervised the project. Both authors participated in discussions, and in writing the
manuscript.
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Hall effects [91, 139, 125], magnon Nernst effects [30, 223, 169], and magnonic
Edelstein effects [111, 213], have been theoretically studied and experimentally
observed.
Along with magnonics, there is also a potential application in spin-
tronics by combining magnetic orders with non-trivial topology [172]. The
topologically protected states are usually robust and weakly affected by dis-
orders. It can provide high charge-to-spin conversion efficiency [192], strong
magnetoresistance [194, 114] and possess a number of exotic phenomena such
as quantum anomalous Hall effects [26, 39] and chiral Majorana fermions [67].
In addition to fermionic topological excitations, there is also an emerging field
of investigating topological bosonic excitations, such as topological magnons
[218, 127, 32, 113] and topological phonons [150, 217, 77]. Moreover, some
recent works have shown topological properties in hybridized systems between
magnons and acoustic phonons with the magnetoelastic coupling [58, 219], the
Dzyaloshinskii–Moriya (DM) interaction [220], or the dipolar coupling [177].
However, a study for the coupling between magnons and optical phonons is
still lacking.
In this chapter, we try to complement prior work by study magnon-
phonon hybrid excitations in a 2D collinear antiferromagnetic insulator (AFI)
on a honeycomb lattice. The coupling is originated from an in-plane nearest-
neighbor DMI by mirror symmetry breaking [40, 175, 151], which can be gener-
ically achieved in 2D van der Waals heterostructures. Since antiferromagnets
naturally possess at least two sublattices, it is possible to realize the coupling
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between magnons and optical phonons. In Sec. 4.1, we introduce the model
with both spin and lattice dynamics, and derive the interaction between them
arising from the DMI. In Sec. 4.2, we find finite Berry curvature and non-zero
Chern numbers with couplings between magnons and optical phonons. We
also show that the Chern numbers of magnon-polaron bands can be manip-
ulated by an external magnetic field. In Sec. 4.3, We evaluate the thermal
Hall conductivity and propose spin-induced valley Hall effects as a possible
experimental observation. We emphasize our results are generic to any lattice
structures and can be easily generalized into 3D systems as discussed in Sec. 4.4
at the end of the chapter. Our work suggests antiferromagnets with multiple
sublattices in comparison to ferromagnets serve as promising platforms to re-
alize tunable topological excitations hybridizing magnons with both acoustic
and optical phonons, where the topology of the bands can provide robust in-
formation transport and may find possible applications in spintronics.
4.1 Model
We consider a system with collinear AFI Néel order on a honeycomb
lattice, where the magnetic moments are perpendicular to the plane, i.e.,
SA,B = ±Sẑ for the A and B sublattices respectively [see Fig. 4.1(a)]. The
Hamiltonian describing both spin and lattice degree of freedoms can be written
as
H = Hp +Hm +Hmp, (4.1)
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where Hp, Hm, Hmp stands respectively for phonon Hamiltonian, spin Hamil-
tonian and the interaction between them. The interaction part is a result of
in-plane nearest-neighbor DMI originated from mirror symmetry breaking. In
equilibrium, it couples neighboring spins as
HD = Dij · (Si × Sj). (4.2)
where Dij is the DM vector for bond ij, and by Moriya’s rule [130, 131], it is in
the plane and perpendicular to the bond, i.e., Dij ∝ ẑ×Rij [see Fig. 4.1(b)].
This DMI which is perpendicular to spin moments does not present
in the linear spin-wave Hamiltonian [91, 220], though it can be significant
for determining the ground state. Here we assume it does not appreciably
change (i.e., the change is numerically small) the Néel ground order as long
as the exchange coupling and anisotropy are large enough. However, both
magnitude and direction of Dij implicitly depend on Rij and thus it couples
the spin degree of freedom with lattice dynamics. In the following, we give
detailed modelings on each term and find the matrix representation of the
Hamiltonian under second quantized operators.
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(a) (b)
Figure 4.1: (a) The schematic illustration of the hybrid magnon-phonon sys-
tem. The ground state of the magnetization is Néel order along the z axis (red
and blue arrows, color denoting the A and B sublattices). (b) DM vectors
(green arrows) for the nearest bonds originated from mirror symmetry Myz
breaking.
4.1.1 Elastic Hamiltonian
We begin from the stretch between site i and j away from their equi-
librium positions R0ij by a small displacement uij = uj − ui as









+ u2ij − |R0ij| ≈ R̂0ij · uij. (4.3)
Therefore, to the lowest order, only in-plane displacement along bond ij
presents in the elastic Hamiltonian, and thus we focus on u = (x, y) in the
following. By Hooke’s law, the phonon part Hp can be expressed to the lowest
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(R̂0ij · uij)2, (4.4)
where mi is the mass of atom i, and k1 (k2) is the spring constant that corre-
sponds to the elastic energy between two (next) nearest neighbor atoms. As
we are interested in the interaction between spin and lattice dynamics, we only
take the atoms A and B with moments into account. For simplicity without
loss of generality, we assume mA = mB = M .

















where N is the number of unit cell. With Eq. (4.5) and (4.6), Hp in k-space




















where D(k) is the dynamical matrix that has been used a lot in studying

















































































































Here the coordinates are used with the choice of lattice basis vectors a1 =
a(1, 0), a2 = a(−1/2,
√
3/2), a3 = a(−1/2,−
√
3/2) as shown in Fig. 4.2.
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4.1.2 Spin Hamiltonian




Si · Sj − J2
∑
〈〈ij〉〉










where J1 (J2) > 0 is the (next-)nearest-neighbor antiferromagnetic (ferromag-
netic) Heisenberg exchange coupling, Kz > 0 is the easy-axis anisotropy and
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√
2Sbj
































































































with f(k) = 3−
∑














In this subsection, we derive Hmp of Eq. (4.1) from HD of Eq. (4.2).
As Dij ∝ ẑ ×Rij, we can determine DM vectors to be Dij = D(Rij)ẑ × R̂ij
(D can be positive or negative for parallel or anti-parallel). Then the DMI
between A-sublattice i and B-sublattice j can be written as
Dij · (Si × Sj) = D(Rij)(ẑ× R̂ij) · (Si × Sj)
= D(Rij)
[
(ẑ · Si)(R̂ij · Sj)− (ẑ · Sj)(R̂ij · Si)
]
= SD(Rij)R̂ij · (Si + Sj)
= SD(R0ij + uij)(R̂
0
ij + ûji) · (Si + Sj), (4.20)
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where we use relation (A ×B) · (C ×D) = (A ·C)(B ·D) − (A ·D)(B ·C)
and ẑ · Si(j) = ±S.
To the lowest order with in-plane uij,
D(R0ij + uij) ≈ D(R0ij) + uij · ∇D = D(R0ij) +
dD
dR

















Combining Eq. (4.21) and (4.22) into Eq. (4.20), we have















· (Si + Sj),
(4.23)




The first term in Eq. (4.23) is the zeroth-order term and it does not
present in linear spin-wave Hamiltonian as we mentioned earlier, while the
second term couples local spins with lattice displacements. If we take γ1 =






















R̂0ij × (SA,i + SB,j)
]
, (4.24)
where D = |Dij| is the magnitude of the DMI in equilibrium, a = |R0ij| is the
bond length, I2 is the 2 × 2 identity matrix, R̂0ijR̂0ij is the Kronecker prod-




A(B),i). The second equation
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mimics a Rashba-type spin-orbital coupling [25, 122] or a Raman spin–phonon
interaction [217, 164, 82, 193], which has been studied in topological aspects



























































dV [∇× u(r)] · [∇× n(r)] , (4.26)
where u(r) is the displacement field and n(r) = SA−SB
2S
is the staggered spin
field. This is indeed has a similar form to Rashba spin-orbital coupling as
αRE · (p× σ) or Raman spin-phonon coupling as h · (p× u).
It is clear from Eq. (4.24) that this DMI induced magnon-phonon cou-
pling breaks the combined symmetry of time reversal plus 180◦ rotation about
an in-plane axis [28, 174]. With magnetic fields, this symmetry breaking allows
the existence of thermal Hall effects [128], which are absent in magnon-only
or phonon-only scenarios. Moreover, in contrast to the ferromagnetic case,
Hmp+Hm also breaks inversion symmetry [30] and gives rise to chiral phonons
at high symmetry points [215, 216] as will be shown below.
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4.2 Band Topology
As magnons and phonons are both bosons, one can treat them equiv-
alently as magnon-polaron excitations and re-write Eq. (4.1) to a generalized
BdG form as
Hk =












, where ak (bk) is A (B)
sublattice magnon annihilation operator under Holstein-Primakoff representa-




2Sa (b†), uk (p−k) is a four-vector for two-dimensional
displacements (momenta) of A and B sublattices, Hm (k) (Hmp(k)) corre-
sponds to Eq. (4.17)–Eq. (4.19) [Eq. (4.24)] and D(k) is the dynamical matrix
corresponding to Eq. (4.8)–Eq. (4.10). Under this representation, the bosonic













and the eigenstates satisfy [38, 168],
gHk |ψnk〉 = σnnEnk |ψnk〉 , 〈ψnk| g |ψn′k〉 = σnn′ (4.29)
where σ = σz
⊗
I6×6 stands for particle-hole space. With particle-hole sym-
metry, Enk = En+6,−k and thus we only plot the first six eigenvalues in Fig. 4.3
and others are redundant.
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(a) B = 0.3 meV













(b) B = 0.6 meV


























(d) B = 0.6 meV
Figure 4.3: Topological magnon-polaron bands. Energy is in the unit of meV.
We set parameters as S = 3/2, J1 = 2.0 meV, J2 = 0.0 meV, Kz = 1.0 meV,
mB/mA = 1, ~
√
k1/M = 7.0 meV, ~
√
k2/M = 0.5 meV, D = 0.2 meV. The
solid lines are bands with DMI and the blue (red) dashed lines are phonon
(magnon) dispersions without DMI. (a)(b) Full band dispersions along high
symmetry path. (c)(d) Bands around anti-crossing points. Band numbering
is shown in (d). The insets show the gap opens at valleys and allows phonons
with different chiralities (red or blue). More details for chiral phonons are
shown in Fig. 4.6(a)-(d).
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k × pA−k + uBk × pB−k
)
|ψnk〉 medi-
ates both magnon spins and phonon polarizations [215].
In Fig. 4.3, there are gapped rings around Γ or K (K′) formed by anti-
crossing points among magnon and phonon bands due to the DMI coupling,
which gives rise to nontrivial topological properties in this magnon-polaron
system. In such a generalized BdG system, the Berry curvature is given by
the Bloch wavefunction |unk〉 = e−ik·r |ψnk〉 as [125]
Ωnk = i 〈∇kunk| g × |∇kunk〉 , (4.30)
and the Chern numbers can be obtained by integrating Berry curvature Ωznk







With Eq. (4.30) and (4.31), we calculate2 the band Chern numbers3 by the
Fukui method [56] and find that the magnetic field can change the Chern
numbers by integers. In Fig. 4.3(a), the Chern numbers for the middle three
anti-crossed bands from low to high4 are (−2,+4,−2) , while they change
to (−2,+1,+1) in Fig. 4.3(b) by a phase transition when B > Bc(≈ 0.41
meV with the parameters in Fig. 4.3, see Fig. 4.4). Since in this parameter
region the coupling barely affects acoustic modes and the top optical mode,
2More details on the numerical method can be found in Appendix. B
3As the top (also bottom) two bands are degenerate at Γ point, we add up the Berry
curvature of the two bands to obtain a well-defined Chern number. We also adds up the
Berry curvature in Fig. 4.5.


























Figure 4.4: Chern numbers with varying the magnetic field. Cn is the Chern
number for band–n (n=3, 4, 5). Blue dashed lines show the phase transitions
occur at B ≈ ±0.41 meV with the same parameters used in Fig. 4.3
the band topology can be effectively mapped into an SU(3) algebra [14, 219].
Here, instead of an analytic calculation (which is generally not accessible), we
achieve an understanding of the band topology more intuitively by looking at
Berry curvatures.
As shown in Fig. 4.5, non-trivial Berry curvatures are induced around
the anti-crossing regions, and thus the change of Chern numbers can be intu-
itively understood as a pair of gapped rings around K and K′ combining into
or splitted by one anti-crossing ring around Γ. Notice that there are opposite
Berry curvatures at K and K′ in band–3 from the gap by spin-induced inversion
symmetry breaking, but it does not contribute to the Chern number due to a
cancellation between these two valleys [216]. However, as shown in Fig. 4.6(a)-
(d), large phonon angular momentum SzP =
〈
uAk × pA−k + uBk × pB−k
〉
occurs at
K for band–2 and band–3 giving rise to chiral phonons. The polarization of
these phonons can be flipped by reversing the magnetic field and they can
contribute to a valley Hall effect along with the opposite Berry curvature.
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L( )=Sign( )Log(1+| |) L( )=Sign( )Log(1+| |) L( )=Sign( )Log(1+| |)
(a) B = 0.3 meV
L( )=Sign( )Log(1+| |) L( )=Sign( )Log(1+| |) L( )=Sign( )Log(1+| |)
(b) B = 0.6 meV
Figure 4.5: Berry curvatures of the middle three anti-crossed bands in Fig. 4.3.
Band numbers are ordered from bottom to top. When the magnetic field
increases, there is one gapped ring around Γ between band–3 and band–4 splits

























(d) B = −0.6 meV
Figure 4.6: The contribution of phonon polarization to Sz. The green (yellow)
line is for band–2 (3). Changing the direction of the magnetic field can flip
the polarization of these phonons.
Similar to the physics of gapped 2D Dirac systems5 [19], the physics of








k · σ + Vk, (4.32)
where E
+(−)
mk is the upper (lower) magnon energy without the DMI, E
+(−)
pk
is the lower optical (upper acoustic) phonon energy without the DMI, σ =
(σx, σy, σz) is the Pauli matrices, d
±±





ing from the DMI and can be regarded as an analog of the gaping term in
5Though here we have innumerable band anti-crossing points which form a gapped ring.
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Kane-Mele model [85, 98], and Vk includes terms that do not conserve particle
numbers and perturbations that do not participate in opening the gap be-
tween the two bands [58, 219]. A Skyrmion (anti-Skyrmion) topological charge




∂kxd̂k × ∂ky d̂k
)
for the upper (lower) band. In general, the analytical expression for d±±k is not




pk)/2, the Skyrmion numbers will change
with the moving of anti-crossing rings [58]. As the band Chern number reflects
the winding number of d̂k wrapping the unit sphere in the Brillouin zone, a
skyrmion arising from d with charge Q determines the lower (upper) band
with a Chern number Q (−Q) [18]. In addition to changing the field strength,
reversing the external field will also change the Chern numbers by flipping the
sign, thus we find the topology of our system is highly tunable.
4.3 Thermal and Valley Hall Effects
In order to connect our results with possible experimental observations,
we evaluate the thermal Hall effect arising from the non-trivial Berry curva-
tures of magnon-polaron bands. With a longitudinal temperature gradient
∇yT , an anomalous transverse motion of magnon-polaron excitations can be
induced by the fictitious field Ωznk associated with a transverse thermal con-













where c2(x) = (1+x) ln
2(1+1/x)−ln2 x−2Li2(−x), Li2(x) is the polylogarithm
function, and g(x) = (exp(x/kBT )− 1)−1 is the Bose-Einstein distribution. In
Fig. 4.7, we evaluate κxy with parameters [197, 79, 63] for MnPS3 as mA =
mB = M = 55 u, S = 5/2, J1 = 1.54 meV, J2 = 0.14 meV, g = −2.0 and
set Kz = 0.1 meV, D = 0.5 meV, ~
√
k1/M = 11 meV and ~
√
k2/M = 2.2
meV. At the low field, the two magnon bands couple with the lower optical
phonon giving a Chern number distribution (0, +2, −4, +2) from bottom
to top, while they couple with the lower optical and upper acoustic phonon
respectively at high field giving a Chern distribution (−2, +2, −2, +2). These
results are also consistent with our analysis on band topology by looking at
the moving of gapped rings. The change of κxy with magnetic field results
from the topological transition with different Chern numbers, while the sign
change with temperature reflects the competition among bands of different
Chern numbers come to dominate the transverse thermal transport.
In addition, as the spatial inversion symmetry is broken by the spin
degree of freedom, the gap opens at K and K′ valley, and thus gives rise to
chiral phonons with different polarizations at these high symmetry points [see
Fig. 4.3(c)(d) and 4.7(b)(c)]. This has not been discussed in previous studies
in coupled systems without optical phonons. By introducing a longitudinal
strain gradient across the system, we expect an opposite motion of chiral
phonon at different valleys as v ∝ −Estrain×Ω in the transverse direction and
create a temperature difference between two edges [216]. As these two Hall
effects originate from non-trivial topology of the system, according to bulk-
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(a) Thermal Hall response. B is in unit of meV.











(b) B = 0.3 meV with Chern number
(0, 0, −2, +4, −2, 0).











(c) B = 1.2 meV with Chern number
(0, +2, −2, +2, −2, 0).
Figure 4.7: Thermal Hall response using parameters from MnPS3. A topolog-
ical phase transition occurs when the magnetic field increases. See main text
for details.
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edge correspondence, we expect to observe a thermal Hall signal by the edge
modes that is weakly affected by the bulk disorders.
4.4 Discussions
In this chapter, we study the topology of magnon-polaron bands in
a 2D honeycomb Néel order antiferromagnet with an in-plane DMI induced
magnon-phonon coupling. Without DMI, the magnon or phonon bands are
trivial, while non-trivial Berry curvature occurs around the anti-crossing rings
opened by the magnon-phonon coupling. In contrast to previous studies, in
our case, antiferromagnetic magnons can couple with both optical phonons and
acoustic phonons giving rise to an integer band Chern numbers with an exter-
nal magnetic field. Moreover, by changing the field magnitude and direction, it
is possible to tune these Chern numbers along with changing the anti-crossing
rings. We also investigate thermal Hall effects induced from finite Berry cur-
vatures and propose valley Hall effects with chiral phonons arising from the
inversion symmetry breaking by magnons. Even though we study the model on
a honeycomb lattice, the coupling can be expressed with a displacement field
u ≈ uij/a and a stagger spin field n ≈ (SA−SB)/2S as DS
2
a3
(∇× u) · (∇× n)
as in Eq. (4.26), which does not depend on lattice details. This 2D model can
also be generalized to a 3D system with mirror symmetry breaking in the bulk
[97, 49] and it can couple the magnons with out-of-plane phonon modes as well
which could further enrich the physics of topology. In principle, our method
can be used in any bosonic systems such as plasmonics [6, 41] and photonics
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In this final chapter of the dissertation, we first make a summary of
the preceding chapters, remarking the applications to experiments and the
progress we made in comparison with prior work, then present an outlook of
our work for future study.
In Chapter 2, we studied magnon Nernst effects in a triangular-kagome-
triangular pyrochlore iridate thin film. The transverse thermal response of
spin currents is due to the topological nature of the magnon bands, origi-
nated from a Dzyaloshinskii–Moriya interaction (DMI) and accompanied by a
non-collinear all-in/all-out (AIAO) spin ordering. With a spin lattice symme-
try consideration, we calculated the temperature dependence of the magnon
Nernst response by varying the spin-orbit coupling parameters of the DMI,
and found the transport contribution from topologically protected chiral edge
modes, complementing prior work on thermal magnons in thin-film pyrochlore
iridates and non-collinear systems.
In Chapter 3, instead of the DMI between localized spins, we inves-
tigated the interfacial DMI between the spin of itinerant electrons in a non-
magnetic metal and the local moments in a magnetic insulator, and its effects
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on the thermally-driven spin current transfer at the interface, i.e., the longi-
tudinal spin Seebeck effects. By applying our theory to the interface between
an insulating AIAO spin-ordered pyrochlore iridate and a non-magnetic metal,
we numerically calculated the dependence of the interfacial spin current on the
temperature gradient, the interfacial couplings, and the crystalline orientation
along the interface. Our results showed that the magnetic structure and the
DMI at the interface, which has not been considered in previous studies, can
lead to a significant effect on interfacial spin current transfer.
Having seen the importance of Dzyaloshinskii–Moriya interactions, in
Chapter 4, we theoretically studied magnon-phonon coupling by an in-plane
DMI from mirror symmetry breaking in a two-dimensional honeycomb anti-
ferromagnet. We found non-trivial Berry curvature due to the gap between
magnon and both optical and acoustic phonon bands, and topological magnon-
phonon hybridized excitations with highly tunable Chern numbers. The inver-
sion and effective time-reversal symmetry breaking can lead to thermal Hall
effects and valley Hall effects, which are absent without the DMI. To our best
knowledge, this is the first study on the topological properties arising from the
coupling between antiferromagnetic magnons and optical phonons. Our work
complements earlier studies that optical phonons are absent or ignored in the
magnon-phonon coupling, and it may be useful to design tunable transport
devices in the field of spintronics and draw a connection to chiral phonons
with spin caloritronics.
While all of our work is motivated by studying the thermal transport
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of magnons, we found the Dzyaloshinskii–Moriya interaction (DMI) can have
significant effects on magnonics. More fundamentally, it is the magnetic point
group symmetry [128, 7] of the ground state and/or the symmetry breaking
of the excited state that plays an important role in the physics of magnons,
as the DMI can lead to the non-collinearity of spin orderings and affect the
symmetry of quasiparticle excitations. However, the DMI, which originated
from the asymmetry nature of the exchange couplings, also crucially depends
on the symmetry of the materials. Thus, one may ask how the spin current and
thermal transport of magnons reversely affect the direction and strength of the
DMI and how it may control novel magnetic structures such as skyrmions [221,
156, 211] and hedgehogs [205, 55, 180], and interesting phase of matters such as
topological magnons and Weyl magnons. There is also an increasing interest in
other non-equilibrium systems with magnons, such as spin-lattice interaction






Numerical Method of Bosonic Berry
Curvature
In this appendix, we introduce the numerical method for calculating
bosonic Berry curvature and bosonic band Chern number.







with a 2N dimensional basis Xk satisfying a commutator relation
[Xk,X
†
k] = g, (A.2)








k] = σ3, Yk = σ1Y
∗
−kσ1, (A.3)
where σ3 = σz
⊗
IN×N , σ1 = σx
⊗
IN×N and E is a diagonal matrix. By
comparing Eq. (A.1)(A.2) with Eq. (A.3), it can be seen that
g = Q[Y,Y†]Q† = Qσ3Q
† ⇒ Q† = σ3Q−1g, (A.4)
Q†HQ = E⇒ Q−1gHQ = σ3E, (A.5)
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where the n-th column of Q corresponds to the linear representation under














= Qkσ3EkYk = Qkσ3EkQ
−1
k Xk = gHkXk. (A.6)
Therefore, a bosonic vector potential An and Berry curvature Ωnk for Xk can
be defined as1[30, 220]
An = i 〈unk| g−1∂k |unk〉 , Ωnk = i 〈∇kunk| g−1 × |∇kunk〉 . (A.7)
With the spirit of a momentum space lattice discretization method by Fukui et
al. [56] and gauge-independent Berry curvature computation [18], the Chern
number and Berry curvature can be numerically calculated from Eq. (A.7)
once Qk has been found.
If there is no dispersionless Goldstone mode in the system, det gH 6= 0
and the eigenvectors P of gH can be found easily in any numerical methods,
and if there is no degeneracy (or the degeneracy can be avoided in numerics),
the eigenvectors can be rearranged so that
Q = PT, (A.8)
where T = Diag(t1, t2, . . . , t2N). Taking Eq. (A.8) into Eq. (A.5), one can find
P−1g(P †)−1 = Tσ3T
† = σ3Diag(|t1|2, |t2|2, . . . , |t2N |2) (A.9)
1In the chapter 2 and chapter 4 of the main text, we both have g = g−1.
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is a diagonal matrix and |ti| can be solved from Eq. (A.9). Therefore, the
paraunitary matrix Q can be constructed from eigenvectors P as
Q = P (P †g−1Pσ3)
− 1
2U, (A.10)
where U is a U(1) phase factor that can be chosen as the identity.
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Appendix B
Derivation on Interfacial Magnon-Electron
Couplings
In this appendix, we derive Eq. (3.6) from Eq. (3.5). We explicitly
write the contribution to interfacial couplings from the Heisenberg exchange




Jijρ(r, z) · Sβ,l=0(rj)δz,0δr,ri , (B.1)
U = Dij · (ρ(r, z)× Sβ,l=0(rj)) δz,0δr,ri . (B.2)
In order to write the Hamiltonian into a second quantized form, we need to
express Eq. (B.1) and (B.2) with local coordinates.
Noticing that























































By plugging Eqs. (3.3) and (3.1) into Eq. (B.1) with Bogoliubov Trans-














































































One might notice that, in Eq. (B.4),
• We discard the classical contribution to the interfacial exchange interac-
tion, i.e., terms that are zeroth order in magnon operators, as it leads to
a contribution to the spin current which is vanishing in the absence of
spin accumulation [17].
• We discard terms of the type c†kσck′σ′a
†
qaq′δσσ′ as they appear to modify
spin flows at higher orders (in bias and thermal fluctuations).







Similarly, for DMI term, noticing that














= ((RβD)× (Rβρ)) · S′β











where Σ′ = Rβ(D× σ).
Eq. (B.5) has the same structure if we replace Σ′ to σ′ in Eq. (B.3), so we
expect a very similar expression of U as Eq. (B.4). With some calculation,






































































































































































Combining Eq. (B.4) and Eq. (B.6), we obtain Eq. (3.5) in Chapter 3.
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Appendix C
Derivation on Spin Currents in the LSSE
In this appendix, we derive the spin current expression in Eq. (3.10)
by Wick’s theorem. Assuming the magnetic order to be static, from definition









c†kσ(z = 0)σσσ′ckσ′(z = 0). (C.1)
Let us write the spin and wave-number index by a capital letter S =
































For simplicity, we drop the sum over 〈αβ〉, ν and l for a while, and recover the


























































































Since both H1(t) and KSS′(t) are proportional to b
†, we can rewrite




































































































dt′ θ(t− t′)Dl<νq(t′ − t)
[







dt′ θ(t− t′)Dl>νq(t′ − t)
[







G>k (t− t′) =
(
G>k↑↑(t− t′) G>k↑↓(t− t′)
G>k↓↑(t− t′) G>k↓↓(t− t′)
)
, (C.14)
with G>kβδ(t − t′) = −i〈cβ(t)c
†
δ(t
′)〉0, G<kβδ(t − t′) = i〈cβ(t′)c
†
δ(t)〉0, Dl<νq(t −




′ − t) = ÎG<(>)k (t′ − t), where Î is the identity matrix.
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Dl<q (t− t′)G>k (t− t′)G<k′(t′ − t)











Dl<q (t− t′)G>k (t− t′)G<k′(t′ − t)
−Dl>q (t− t′)G<k (t− t′)G>k′(t′ − t)
]
, (C.16)
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To compute Im [Bνl(q,k,k
′)], or , performing a Fourier transform, one can
rewrite Eq. (C.16) in terms of the spectral function for the νth magnon band
at the lth layer, Alν(q, ω), and the electron spectral function, A(k, ε) using the
following relations: G>k (ε) = −iA(k, ε)[1− nF (β′ε)], G<k (ε) = iA(k, ε)nF (β′ε),
Dl>ν,q(ω) = −iAlν(q, ω) [1 + nB(βων)] and Dl<ν,q(ω) = −iAlν(q, ω)nB(βων). Us-












δ(ε− ε′ + ω)Alν(q, ω)A(k, ε)A(k′, ε′)
× [(1 + nB(βω)) (1− nF (β′ε))nF (β′ε′)− nB(βω)nF (β′ε) (1− nF (β′ε′))] .
(C.17)
The first and second term on the right-hand side of Eq. (C.17) correspond to
an electron scattering by, respectively, one-magnon emission and one-magnon
absorption. For a non-interacting clean system, we have Alν(q, ω) = 2πδ(ω −
ωlν(q)) and A(k, ε) = 2πδ(ε − εk). We assume that the common electronic
temperature T ′ and the single electron energy εk are both much smaller than
the Fermi energy εF . Thus, we can treat the electron density of states as a
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constant, i.e., D.
Using the following properties, i.e.,
nF (x) [1− nF (y)] = nB(x− y) [nF (y)− nF (x)] (C.18)∫
dε [nF (ε)− nF (ε+ x)] = x (C.19)
1 + nB(x) = −nB(−x) (C.20)








giving same result as in Eq. (3.12)
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square-lattice néel state. Nature Physics, 15(12):1290–1294, 2019.
[162] Robert Schaffer, Eric Kin-Ho Lee, Bohm-Jung Yang, and Yong Baek
Kim. Recent progress on correlated electron systems with strong spin–
orbit coupling. Reports on Progress in Physics, 79(9):094504, 2016.
114
[163] Max C Shapiro, Scott C Riggs, Matthew B Stone, Clarina R de la Cruz,
Songxue Chi, Andrey A Podlesnyak, and Ian R Fisher. Structure and
magnetic properties of the pyrochlore iridate y 2 ir 2 o 7. Physical
Review B, 85(21):214434, 2012.
[164] L Sheng, DN Sheng, and CS Ting. Theory of the phonon hall effect in
paramagnetic dielectrics. Physical review letters, 96(15):155901, 2006.
[165] Junren Shi, Ping Zhang, Di Xiao, and Qian Niu. Proper definition
of spin current in spin-orbit coupled systems. Physical review letters,
96(7):076604, 2006.
[166] Hiroshi Shinaoka, Shintaro Hoshino, Matthias Troyer, and Philipp Werner.
Phase diagram of pyrochlore iridates: all-in–all-out magnetic ordering
and non-fermi-liquid properties. Physical review letters, 115(15):156401,
2015.
[167] Hiroshi Shinaoka, Takashi Miyake, and Shoji Ishibashi. Noncollinear
magnetism and spin-orbit coupling in 5 d pyrochlore oxide cd 2 os 2 o
7. Physical review letters, 108(24):247204, 2012.
[168] Ryuichi Shindou, Ryo Matsumoto, Shuichi Murakami, and Jun-ichiro
Ohe. Topological chiral magnonic edge mode in a magnonic crystal.
Physical Review B, 87(17):174427, 2013.
[169] Y Shiomi, R Takashima, and E Saitoh. Experimental evidence consis-
tent with a magnon nernst effect in the antiferromagnetic insulator mnps
115
3. Physical Review B, 96(13):134425, 2017.
[170] Jairo Sinova, Sergio O Valenzuela, J Wunderlich, CH Back, and T Jung-
wirth. Spin hall effects. Reviews of Modern Physics, 87(4):1213, 2015.
[171] Abraham Slachter, Frank Lennart Bakker, Jean-Paul Adam, and Bart Jan
van Wees. Thermally driven spin injection from a ferromagnet into a
non-magnetic metal. Nature Physics, 6(11):879–882, 2010.
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